BASIC NOTATIONS

INTRODUCTION
This paper discusses the influence of the great inequality, between Jupiter and Saturn, on the secular (long-period) disturbing function of the principal planets. Earlier results concerning this influence were obtained by Hill more than 70 years ago.
The great inequality is a near-resonance effect produced by commensurability close to 2: 5 between the mean motions of Jupiter and Saturn.
The corresponding critical argument 2yl -5y; in the trigonometrical expansion of the disturbing functiod has a period of approximately 900 yr. So long a period and close a commensurability produce large perturbative effects in the elements, especially in the mean longitude of Jupiter, with amplitude nearly 1200", and Saturn, with amplitude nearly 2900". Such periodic perturbations produce, in higher approximations, an appreciable effect on the secular disturbing function and on the secular behavior of the elements of the principal planets. Secular perturbations are the source of the long-period effects, with periods ranging from 5.7 X 1 O4 to 2 x lo6 yr.
These perturbations are chiefly responsible for the behavior of the elements of the principal planets over millions of years. The amplitudes and mean motions of the arguments of these periodic terms determine the secular change in the longitudes of the perihelia and nodes. The amplitudes also provide information about the range of oscillation of the eccentricities and inclinations. Knowledge of the long-period perturbations of the motion of the principal planets is essential if we are to understand the secular behavior of the asteroidal ring, because these perturbations induce the forced long-period oscillations in asteroid elements.
Since Lagrange, the classical way of treating secular changes in the motion of the principal planets has been based on the linearization of Poincard's canonical elements or some of their approximations.
Only terms quadratic with respect to the eccentricities and inclinations are retained in the expansion of the secular disturbing functions.
Modern computational technique permits terms of higher order relative to the eccentricities and inclinations to be included in the secular disturbing function and in the perturbations. Harzer (1 895) in his classical work on secular perturbations solved the linearized problem and made an attempt to include terms of higher order, but unfortunately this last part of his work was never completed. Only recently Anolik, Krasinsky, and Pius (1 969) succeeded in developing the trigonometrical theory of direct secular perturbations (of rank zero) including terms of the fourth order with respect to the eccentricities and inclinations. Secular perturbations of rank 1 produced by the great inequality were omitted from their work.
Hill (1 897) tried to derive these perturbations from the Leverrier (1 874) differential equations for the eccentricities and perihelia of Jupiter and Saturn.
Brouwer and van Woerkom (1 950) and Sharaf and Budnikova (1 967) incorporated Hill's contribution to the secular disturbing function in their linearized theories of secular perturbations of major planets.
Brouwer and van Woerkom, however, assert the following " [Hill' s computations] cannot be considered as definitive, because many of the coefficients were not derived in a rigorous manner. They were obtained as the means of the coefficients arising in four equations . . . . While in some cases the agreement was satisfactory, there were contradictions in other cases. These contradictions were resolved by Hill in an empirical manner.'' In other words, Hill's results need revision. We can fully understand the difficulties he encountered, because at that time the theory of elimination of periodic terms from a Hamiltonian was not fully developed.
Owing to the publications of von Zeipel(1916), Brouwer (1959) , Hori (1 966), and Deprit (1969) on the modernization of the method of Delaunay, we now possess an easy and exact algorithm for the elimination of short-period terms from a Hamiltonian. Even when the equations of motion do not have a canonical form, short-period terms can be eliminated directly from the differential equations by the method of Krylov and Bogolubov (Bogolubov and Mitropolsky, 1961 ). This method is described by Musen (1 965) in a form convenient for application to astronomical problems.
We may consider the great inequality as a short-period. term compared with the secular effects. We can eliminate the great inequality either from the Hamiltonian or from the differential equations for the variation of elements. This elimination results in the introduction of secular effects of rank 1 and class 1 /2 into the expression for the perturbations of the elements.
Hill's addition to the secular Hamiltonian contains terms of the fourth and sixth order with respect to the mean orbital eccentricities of Jupiter and Saturn. We can add those terms of the fourth order that depend on the inclinations (they are omitted in Hill's exposition). The use of heliocentric elements of motion is the most convenient from an astronomical standpoint.
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In our problem we can write the equations for variation of heliocentric elements in a canonical form for the whole system only if we retain the direct parts of the disturbing functions and neglect the indirect parts. This is because the indirect parts contain great-inequality terms of the fifth and higher orders and because they are different for Jupiter and Saturn.
In order t o retain the heliocentric elements and the canonicity we must neglect such terms. However, we retain those terms of the third order that depend on the great-inequality argument, because they appear only in the direct parts of the disturbing function. Thus, in the secular disturbing function we can retain terms of the second, fourth, sixth . . . order and of rank zero, also terms of the fourth order of rank 1 and class 1/2. These last terms are produced by the. elimination of the greatinequality terms of the third order mentioned above.
If we decide to include in the disturbing functions terms of the sixth and higher orders in E , E ' , y, and y' and to retain the canonicity of the equations of motion, then we shall use Jacobi's reduction of the differential equations of planetary motion to the canonical form and use some modern version of Delaunay to eliminate the periodic terms.
If the motion is referred to the Sun and we wish to retain terms of the sixth and higher orders, we can eliminate the periodic terms by the method of Krylov and Bogolubov. This choice is more convenient from an astronomical standpoint.
Hill's empirical adjustment of the coefficients stands between these two methods and evidently does not solve the problem. In our exposition we limit ourselves to terms of class 1 /2 and, therefore, neglect the secular effects produced by short-period terms in higher approximations.
We found that Andoyer's ( 1923) expansion of the planetary disturbing function suits our purpose very well, because he expands the function in powers of the inclinations relative to a fixed ecliptic.
The transition from Andoyer's expansion to Harzer's expansion in the canonical elements is very easy.
We found, in general, that many theories developed by Andoyernow sound quite modern; we believe that interest in his remarkable works should be revived.
ANDOYER EXPANSION OF DISTURBING FUNCTION
The Andoyer expansion of the direct part of the disturbing function is given by 
TERMS ASSOCIATED WITH THE GREAT INEQUALITY
If we want to extract from the disturbing function those terms having arguments that are multiples of the given argument iyl + i'yi, or, what is the same thing, to extract those terms having the 
Evidently the inequality or the equivalent inequality
lik -s -jl + li'k + s -jl < P must also be satisfied. The use of the last inequality facilitates the search for the prospective candidates for k , s, j , p l , p 2 , p i , and p;. In our case, and Table 1 shows the admissible values of the indices and exponents. To the required accuracy we obtain or, if we substitute x 1 = x +1 € 1 , x 2 = x -b 2 , x; = x + b ; , x ; = A'-%; and take, with the necessary accuracy, and we obtain for the direct part of the disturbing function associated with the great inequality the following expression:
R o e = (X-2X'+5~: + X+2X'-5ei)Po The great-inequality term of the lowest order in R , is and in R; the lowest term is All these terms produce terms of the sixth order in the secular disturbing function; and they can be omitted if we decide to retain the canonicity of the differential equations for the heliocentric elements. r There will be a large number of sixth-order terms. This usually means that they have a small 2 weight in the combined secular effects.
ELIMINATION OF THE GREAT INEQUALITY FROM THE HAMILTONIAN
In performing the elimination of the great inequality we can consider only Jupiter and Saturn. For the Hamiltonian we can take The canonical elements of Delaunay in our case are
Dividing F into purely secular and purely periodic parts, we have At the beginning we set up elimination of the great inequality, using the following canonical elements:
At a later stage we switch to the canonical elements of Harzer and Poincarl, because of their intimate connections with Andoyer's expansion. Harzer's elements are
where we set
In eliminating the great inequality we do not go beyond terms quadratic in fmm' and thus must use very simple differential operators associated with the process of elimination. (We are not particularly interested in the inversion process of expressing the old elements in terms of the final ones.)
For all these reasons we found it convenient to use von Zeipel's method in its classical form to eliminate the great-inequality terms. In addition, when using this method we need compute at each step only one half of each Poissonian bracket to obtain the unknown secular terms. When using other methods we must compute full Poissonian brackets. The author is indebted to Dr. Garfinkel* for pointing out both these facts.
We make the canonical transformation and where i = 1 , 2 , 3 , in such a manner that the new Hamiltonian F* does not contain the angles yT and y;*.
The essence of von Zeipel's method can be described in a contracted form as follows: changing notations in (13) from x*, X I * to x, XI, we can write the relation F(x, y ; x', y ') = F*(x* , y * ; XI* , y I * ) in the form (von Zeipel, 1916 and, making use of (1 2), we have Consequently, after the integration, we have -Because F,, and F; are purely secular and S , is purely periodic, the only contribation to P 2 in (1 9) comes from the terms Thus,
The term is of the sixth order in E, E', y, y', and thus can be neglected. Substituting (12) and (21) %(u, + u~) E ; E ; .
CONCLUSION
In order to meet the requirements of modern Celestial Mechanics in improving the theory of secular perturbations of the principal planets, it is necessary to include the influence of the great inequality.
The contribution of the great inequality to the secular disturbing function is considerable. A comparison between FT and F; shows that the great inequality contributes the largest portion of the coefficients of many fourth-order terms in E, E', 7 , and 7'. The part F; produced by the great inequality can be added t o the disturbing function given by Anolik et al. (1 969) . Better still, we can preserve the homogeneity of the theory and recompute the secular perturbations of principal planets from the very start, using the Andoyer's symbolism.
I
We have already pointed out that the canonicity of the differential equations and the heliocentric elements can be jointly preserved only if we do not go beyond the fourth order in e, e', 7, and 7' in the secular disturbing function. The use of heliocentric elements is important from an astronomical standpoint; if we wish t o retain them and at the same time include the terms of sixth and possibly higher orders, we can use the method of Krylov and Bogolubov for eliminating periodic terms.
We may expect, in general, that the Krylov-Bogolubov method will occupy an important place in developing the analytical theories of heliocentric planetary motions. 
